We extend that work here to include the effect of gaps. We derive the exact envelopes and show results for various field strengths, occupancies η, and gap-length ratios. We find the peak envelope excursion. It has a broad minimum as a function of the phase advance σ (typically around 34
I. INTRODUCTION
In their classic paper, Courant and Snyder [1] studied the envelope dynamics of a circular machine with negligible space charge, piecewise constant focusing, and no drift spaces (focusing gaps); they used an expansion in focusing strength to obtain an approximate solution for the envelope. The same case, but for a straight machine, was recently analyzed and an exact solution was obtained [2] , [3] . In the present paper we extend that recent analysis to include focusing gaps, still assuming negligible space charge. Of course, particular cases with gaps have long been studied via computer simulations; an especially complete study (including space charge) was published by Lund and Bukh [4] . As with the simulations of Ref. [4] , our analysis is not restricted to FODO; the general case of unequal drift lengths is analyzed. The motivations for finding the exact solution are: (1) ease of performing parametric studies such as those in Secs. VI and VIII; (2) to facilitate study of envelope functions in the higher bands [Sec. VII], where approximation methods fail and simulations become difficult. In particular, we are interested in the effect of drift spaces and asymmmetry on the remarkable second-band beam compression effect [Sec. IX] previously reported for the FD case [3] . The parametric studies, beam envelopes, and compression results are all summarized in Sec. ??.
Instead of solving the envelope equations directly, as we did in Ref. [3] , we use here the linear single-particle equations and the phase-amplitude method to get the exact envelope functions and phase advances. To indicate briefly that, in our model, the periodic lattice of quadrupole doublets has piecewise-constant focusing but may have unequal gap lengths, we introduce the abbreviation F oDO.
II. FoDO FOCUSING MODEL
We assume a focusing function κ(z) that is periodic over a lattice with period 2L, so that κ(z + 2L) = κ(z). We take κ(z) to be piecewise constant with value +κ max in the focus and −κ max in the defocus sections, which have equal length. For convenience throughout, we define
Our model is then described for the xz-plane by Eqs. (2) and Fig. 1 :
Focusing model for one cell of a periodic FoDO lattice, which starts at z = 0. The quadrupoles have equal lengths ηL; the gap lengths are d1 and d2. The xz-plane, shown here, starts with κ > 0 (focus). The yz-plane field map is the same except inverted; i.e., defocus comes first.
Since the FoDO lattice cell (Fig. 1 ) has equal focus and defocus lengths, the fields have antisymmetry about each gap center. For a matched beam, this yields a relationship between the envelopes a(z) and b(z) in the xz and yz planes, respectively. One finds that
where z c is the center of any gap. Therefore, we only need to analyze a(z) in what follows.
III. DEFINITIONS
A. Gap asymmetry parameter µ
The average gap length d is
We define the gap asymmetry parameter
so that
B. The FoDO strength parameter ϕ
The FoDO strength parameter, used throughout this paper, is defined by ϕ ≡ ηkL.
We introduce the following quantities that depend on the FoDO strength parameter:
and the normalized gap lengths
Note that in the limit η → 1, ν vanishes and sn, cs, sh, and ch become identical with the functions defined in Ref. [3] .
IV. ENVELOPE EQUATION
For a beam with the KV distribution, emittance ∈, negligible space charge, and arbitrary periodic focus function f (z), the xz-plane envelope function a(z) is determined by [5] :
along with initial or periodic conditions for x and y. We assume ∈ x = ∈ y = ∈. (We also note that in the absence of space charge, the KV distribution can be replaced by a class of physically realistic distributions.) For a matched beam without space charge, it is unnecessary to solve the nonlinear equation (12) directly. Instead, we begin with the linear single-particle equation
and use the phase-amplitude method (see appendices) to find the envelopes.
V. TRANSFER MATRICES FOR FoDO CASE
The appendices give a short derivation of the envelope solution for the general case, Eq. (B4). We repeat the result here for convenience:
(The sign function P, defined by Eq. (B5), provides the correct sign for the radical for any phase advance [3] .) The matrix M is obtained by multiplying the transfer matrices for the segments of a lattice cell. In the case of a FoDO cell, these segments-taken in the order of Fig. 1 -have transfer matrices [1] , [6] 
The matrix for the entire cell, starting at z = 0 in Fig. 1 , is
The ranges of z for the four individual segments are indicated in Fig. 1 , namely, ηL, d 1 , ηL, and d 2 . If z = 0 but, for example, z lies within the first segment, then ηL splits into ranges z and ηL − z. There are then five component matrices, as in Sec. VII A.
VI. STABILITY AND PHASE ADVANCE
A single-particle orbit is stable if |Tr M | < 2 (see Eq. (B2)). The trace is independent of z [4]; it is convenient to calculate it at z = 0, using M(0) from Eq. (19).
First, we introduce a matrix that will be used again in Sec. VII A:
with A 1 and A 2 defined by
and B by
Then
It is unnecessary to write all the components of the full matrix in order to find the phase advance since, according to Eq. (B2), only M 11 and M 22 are needed. We find
which agrees with the result given by Lund and Bukh [4] . σ is the phase advance for a whole period, defined by Eq. ( 
The superscript f means that z is restricted here to the focusing segment of the quadrupole cell. The matrix multiplications are a bit tedious, but to find a(z) we only need the element M Using Eq. (B4), the exact result for the focus-segment envelope is, then,
with Tr M(ϕ) from Eq. (23). Note that full occupancy (i.e., ν = 0) implies that µ = 0 and B = 0, so that Eq. (27) reduces to the previous result for FD focusing [3] , which was derived by a different method.
B. Drift and defocus segments
We present the matched envelope functions for all four segments in a lattice cell graphically here. In the figures, a(z) was obtained from the exact results, Eqs. (27), (C4), (C5), and (C6), while b(z) was obtained from Eq. (3). Figures 3 and 4 plot the normalized envelope functions a norm ≡ a(z)/ √ ∈L and b norm ≡ b(z)/ √ ∈L for various combinations of occupancy and gap asymmetry. The origin in these figures has been shifted from that in Fig. 1 . It is placed at the center of the second drift space in order to display the matched-beam symmetry described in Sec. II. In Fig. 3 , the second and third cases use the same parameters used by Lund, Chilton, and Lee [7] except that here Q = 0. That is, we use the same occupancies, gap asymmetries, and (undepressed) phase advances (80
• ). Our results appear to be very similar to theirs.
It is remarkable that the peak envelopes in Fig. 3 Fig. 3 [again using exact equations (27), (C4), (C5), and (C6)] but with focus parameter kL increased to the middle of the second pass band shown in Fig. 2 . Values are kL = 1.5π, 2.27411π, and 2.41027π, respectively, which give phase advances equal to or very near to σ = 270
• . The peak radii here, unlike those in the first band, increase considerably when the drift spaces are introduced (see text).
nearly identical (1.740, 1.776, and 1.761). However, the lower occupancy in the second figure requires that, in order to maintain the phase advance of 80
• , the field strength κL 2 = (kL) 2 must be increased over the value 0.22698 by the factor 1.409. This factor becomes 1.616 for the third figure. Figure 4 shows a different situation. In the second band, the drift spaces lead to significant increases in peak radius which vary considerably with the lattice parameters. The radii are 4.860, 7.386, and 6.742, respectively. The field strength κL 2 = 2.25 required for the top figure must be increased by the factor 2.2985 when the occupancy is reduced to 0.5 and by the factor 2.5820 with the addition of asymmetry parameter µ = 0.8.
VIII. PEAK VALUE OF THE ENVELOPE
The peak envelope values (Fig. 5) always occur in the focus segment. In the higher stable bands, minimum values occur there as well. Defining n as the pass-band number, with n = 1 for the first band, there are 2n − 1 extrema in the focus segment. Defining the midpoint ϕ n of the n th band as the point where Tr M(ϕ n ) = 0, we determine the locations z m of the envelope extrema by differentiating Eq. (26) with respect to z and setting the result equal to zero. We find ϕ n (1−2z m /ηL) = tan −1 µν sh B +sh ± 0, ±π, ±2π, ± · · · , ±(n − 1)π (28) with the principal value used for tan −1 . The maxima and minima occur where z = z m . Next, we define
where ζ nm is one of the angles allowed in Eq. (28).
In the first pass band, there is a single maximum, in the second, there is a minimum between two maxima, and so forth. The first extremum is always a maximum, so that
always represents the maximum excursion of the envelope, and F max (ϕ) = (ch + ν sh)sn + µν sh sin ζ n1 + B cs + (B + sh) cos ζ n1 , (31)
These results are plotted in Fig. 5 , showing the first two pass bands as in Fig. 2 . The lattice parameters are the same as in the previous figures, and the discussion of those figures applies here.
IX. SECOND-BAND BEAM COMPRESSION
Beam compression occurs in even bands due to envelope minima at or near the same z in both the xz and yz planes. Ref. [3] shows that the effect becomes extreme near the outer band edge (but it notes that caveats apply). The effect is even larger when there are drift spaces because the focus strength must be increased. For η = 0.5, µ = 0.0, and σ = 356.75, the area compression ratio is 1.17 × 10 6 . However, if the asymmetry parameter µ is finite, the xz and yz compression points become separated and, for µ = 0.8 (Fig. 6) , the area compression ratio is only 7 × Without space charge, the transverse position x(z) of a single particle obeys the linear equation
One can verify by substitution that
is the general solution of Eq. (A1), provided that a(z) satisfies Eq. (12) and that
The quantities ψ(z) and a(z) are known as the phase and amplitude. If we differentiate Eq. (A2) and use Eq. (A3), we get
Inserting these into Eq. (A2) gives
where the coefficients g ij are found from Eqs. (A2), (A4), (A5), and (A6). In App. B we will need the coefficient g 12 , which is
At this point, we specify that the beam is matched, i.e., a(z) is periodic with the same period, 2L, as the lattice. Then a(z 0 + 2L) = a(z 0 ). We define 
We have dropped the subscript on z 0 because the location of z 0 is arbitrary. Note that the matrix elements here are periodic but x(z) is not. If one writes out g 11 and g 22 , one sees that the trace has the value g 11 + g 22 = 2 cos σ,
which is independent of z.
APPENDIX B: MATCHED ENVELOPE SOLUTION
Now we are ready to calculate the matched beam envelope for a machine with periodic focusing function f (z). In general, there is a machine matrix M(z), obtainable by integrating Eq. (A1), that gives the phase-space change over a whole machine period (for the specific FoDO example, see Secs. VI and VII A):
Comparing Eqs. (B1) and (A10) shows that 2 cos σ = M 11 + M 22 = Tr M
and
The P function, defined by P(σ) ≡ sign(sin ϕ),
gives the correct branch of the radical and ensures that the right-hand side of Eq. (B4) is always positive.
